We consider paradigmatic quenched disordered quantum spin models, viz., the XY spin glass and random-field XY models, and show that quenched averaged quantum correlations can exhibit the order-from-disorder phenomenon for finite-size systems as well as in the thermodynamic limit. Moreover, we find that the order-from-disorder can get more pronounced in the presence of temperature by suitable tuning of the system parameters. The effects are found for entanglement measures as well as for information-theoretic quantum correlation ones, although the former show them more prominently. We also observe that the equivalence between the quenched averages and their selfaveraged cousins -for classical and quantum correlations -is related to the quantum critical point in the corresponding ordered system.
I. INTRODUCTION
Perfectly ordered systems are hard to prepare in the laboratory due to the presence of several uncontrollable factors and hence disorder appears almost inevitably in most systems. The presence of impurities, dislocations of atoms from their regular lattice sites, and environmental effects on the system lead to disorder. Defects can also be modeled, by introducing non-uniform tuning parameters or allowing coupling between random sites [1] [2] [3] [4] [5] [6] . Intuitively, one expects that disorder would reduce the properties like magnetization and conductivity of a system, and this is indeed true for a large variety of systems [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . However, there are examples of certain systems, both classical as well as quantum, in which properties like magnetization, classical correlators, entanglement get enhanced with the introduction of disorder -the phenomena are termed as order-from-disorder [8, 9, [17] [18] [19] [20] [21] [22] . Moreover, disordered systems, in general, possess rich phases like Bose glass [23] and spin glass [24] and support phenomena like high T c -superconductivity [25] and Anderson localization [26] . Recent developments in experimental techniques give rise to the possibility of observing such phenomena in laboratories [27] .
Many-body systems can be useful substrates to realize several quantum information protocols [6, 28] . In recent years, the behavior of quantum correlations in many body systems at zero as well as at finite temperatures have been extensively studied [6, [28] [29] [30] . However, most of the studies are restricted to ordered systems [31] .
In classical systems, phase transitions occur only due to thermal fluctuations [32] , while quantum systems can have fluctuations even at zero temperature, and may lead to quantum phase transitions [2] . Since the absolute zero temperature is inaccessible in the laboratory, characterizing systems at low temperature is important from the point of view of observing the physical properties in experiments. Moreover, at finite temperatures, the interplay between thermal and quantum fluctuations may lead to non-intuitive co-operative phenomena.
In this paper, we deal with the thermal state of the quenched disordered anisotropic XY spin chain with periodic boundary conditions. Specifically, disorder is introduced either in the coupling constant -quantum XY spin glass -or in the strength of the external magnetic field -random-field quantum XY model. Although disordered XY models cannot be solved analytically like the ordered ones, the single-and two-site properties of the ground and thermal equilibrium states of the disordered XY models can be investigated for reasonably large system sizes using the Jordan-Wigner transformation [33] [34] [35] . To compare the properties between ordered and disordered models, we introduce a quantity called the enhancement score [22] corresponding to any physical observable. This quantity can be used to quantify the order-from-disorder phenomena. We analyze systems of up to 10 3 quantum spins-1 2 particles, and find that entanglement measures [36] like concurrence [37] and logarithmic negativity [38] , and information-theoretic quantum correlation measures [39] like quantum discord [40] and quantum work-deficit [41] , exhibit a positive enhancement score both at zero and finite temperatures, irrespective of the value of the anisotropy constant. Moreover, we find that there exists a range in the parameter space in which enhancement scores for quantum correlations is higher at finite temperature than that at zero temperature. Such enhancement due to thermal fluctuations is more pronounced in case of entanglement measures in comparison to that of information-theoretic ones. As a by-product, we show that there are distinct regions in the parameter space, of the post-quenched regime, where self-averaging happens for the quantum correlations, and where the same does not happen, and the regions are related to the quantum critical point of the ordered chain The paper is organized as follows. In Sec. II, we discuss the technique to handle the one-dimensional quantum XY model with transverse field, for both ordered as well as disordered systems. Here, we briefly outline the method to evaluate the correlation functions and magnetizations. In Sec. III, we give definitions of the enhancement score to characterize order-from-disorder. The definitions of the quantum correlation measures, used in this paper, are given in Sec. IV. The quenching and selfaveraging of observables are discussed in Sec. IV E. Sec.
V presents the results on order-from-disorder and its nature using the enhancement scores. In particular, the enhancements of quantum correlation measures in the presence of disorder in system parameters and thermal fluctuations are presented. We conclude in Sec. VI.
II. THE MODELS AND THE METHOD
We briefly review here the exact diagonalization technique for the XY spin chain by Jordan-Wigner, Fourier, and Bogoliubov transformations [33] [34] [35] . The method helps us to evaluate physical quantities in the disordered case for relatively large system size [42, 43] .
The Hamiltonian for the anisotropic XY model with nearest-neighbor interaction on a one-dimensional (1D) lattice, with N sites in a transverse field is given by
where J i is the coupling constant between nearestneighbor sites i and i + 1, h i represents the transverse field strength at the i th site, and γ ( = 0) is the anisotropy constant. Here, σ j i (j = x, y, z) corresponds to the Pauli spin matrices at the i th site. In case of the ordered system, we assume all the J i and h i are separately equal and we denote them by J and h respectively. In this paper, we assume periodic boundary conditions, so that σ N +1 = σ 1 .
The procedure, used to solve Eq. (1) is to map the Pauli spin operators to spinless fermions via the JordanWigner transformation and thereby, Eq. (1) reduces to (neglecting additive constants)
where A and B are symmetric and antisymmetric real N × N matrices, respectively, and are given by
with A 1N = A N 1 = J N and B 1N = − γ 2 J N = −B N 1 , to respect the boundary condition. The quadratic Hamiltonian given in Eq. (2) can be diagonalized by using a linear transformation given by
where k = −N/2, −N/2 + 1, . . . , N/2 − 1. Here g ki and h ki are real numbers, and the η k obey fermionic anticommutation relations. One can express the Hamiltonian in Eq. (2) in terms of the fermionic modes η k , in such a way that the following two coupled matrix equations hold:
Here the components of the two column vectors, φ T k and ψ T k , are given by
Substituting ψ T k from Eq. (4) to Eq. (5), we get
For Λ k = 0, one can find φ At absolute zero, the system freezes to its ground state, |Ψ 0 . Let us define two operators, A i and B i in terms of fermionic operators as
The magnetization per site in terms of A i and B i are given by
by using exp [πic †
The nearestneighbor diagonal correlation functions take the form
where
Similarly, the off-diagonal correlations can also be obtained in terms of A i and B i .
Using orthogonality of φ k and ψ k , from Eqs. (3), (6) , and (7), it follows that
Since A i 's and B i 's are anticommuting variables, their vacuum expectation values can be evaluated using Wick's theorem and we get
where φ and ψ are the matrices of φ ki and ψ ki respectively, and G is the correlation matrix. Using Eqs. (16), (17) , and (18), we obtain m 
while all off-diagonal correlations vanish. The above formalism leads to the single-and two-site nearest-neighbor density matrices of the ground states of the ordered as well as disordered XY spin models as
Here Tr i (·) denotes the tracing out from the argument of all sites except i. Tr i,i+1 is similarly defined.
B. Thermal States: T = 0
The technique discussed above for the ground state can now be extended to the thermal equilibrium state. At any finite temperature T , the canonical equilibrium state is given by
where Z is the partition function,
and β = 1 kB T , with k B being the Boltzmann constant. The elements of the correlation matrix in this case are given by
where · β denotes an average over the canonical equilibrium state at temperature T . Thus
From the Fermi-Dirac statistics, it follows that η k η † k β = (e βΛ k + 1) −1 . Using this, we have
where Λ represents the diagonal matrix of Λ k . Using Eq. (26), one can evaluate all the single and two particle observables and hence the single-and two-site density matrices, similar to that for the ground state.
C. Ordered and Disordered Systems
The ordered quantum anisotropic XY spin chain
The ordered system corresponds to the case where J i 's and h i 's are site independent and its Hamiltonian is given bỹ
After the Jordan-Wigner, Fourier, and Bogoliubov transformations, the above Hamiltonian reduces tõ
Note that in the absence of disorder, all single-and two-site nearest-neighbor density matrices are equivalent and are obtained by using magnetization and correlation functions. Due to this translational symmetry, it is possible to calculate the eigenvalue spectrum, magnetization and correlation functions analytically [34, 35] .
Quantum XY spin glass
The Hamiltonian for the one dimensional quantum XY spin glass is given by
where the J i 's are chosen as independent and identically distributed (i.i.d.) Gaussian random variables i.e., each follows the Gaussian (normal) distribution, N ( J i , σ) with J i and σ being the corresponding mean and standard deviation respectively. Here h are assumed to be site independent and constant. We choose J i to be independent of i and set λ = Ji h .
Random-field quantum XY spin chain
If the coupling constant is kept as site independent and the randomness is introduced in the strength of the magnetic field, the Hamiltonian for the corresponding quantum XY spin chain with random transverse field is given by
where the h i 's are i.i.d. Gaussian random variables, each following the Gaussian distribution with mean h i and standard deviation σ. We choose h i to be site independent and set µ = hi J .
III. ENHANCEMENT SCORES
As discussed in the preceding section, we consider disordered systems in which disorder is introduced either in the coupling strength or in the transverse magnetic field. To verify whether it is possible to observe disorderinduced-order (order-from-disorder) phenomena for some observable Q, we introduce a quantity, called enhancement score for Q [22] . At zero temperature, we define the enhancement score of the observable, Q, as
where Q av ( λ ) represents the quenched averaged value of Q over the corresponding i.i.d. Gaussian random variables with mean λ and standard deviation σ for the ground state. Similarly, one can define Q av ( µ ). Q( λ ) and Q( µ ) denote the corresponding quantities for the ordered system ground state with Thermal fluctuations, in general, destroy quantumness of the system and it behaves as a global disorder to the entire system. Similar to the spirit of the zero temperature enhancement score, we define the thermal enhancement scores of a physical quantity Q as
where Q is measured in the thermal state ρ(β) of the corresponding Hamiltonian at equilibrium temperature T . A positive value of ∆ Q β,λ signals the order-fromdisorder phenomenon in the thermal state of the spin glass system. Similarly for ∆ Q β,µ .
Finally, we study whether it is possible to obtain an enhancement for an observable at a finite temperature that is better than the same at zero temperature, we introduce the total enhancement scores which are given by
Positive values of ∆ Q T otal, λ and ∆ Q T otal, µ indicate the region where order-from-disorder phenomenon is more profound in the thermal state than in the zero-temperature states.
IV. QUANTUM CORRELATION MEASURES
Investigations on enhancement scores in the disordered systems are carried out by considering bipartite quantum correlation measures as well as classical correlations and magnetization. Here we briefly describe the quantum correlation measures that we use in this paper. The thermal as well as the ground states of the Hamiltonians consist of N spin-1 2 particles. To study the bipartite quantum correlations, we trace out all the particles except two nearest-neighbor ones. Since the system is with periodic boundary condition, all the nearest-neighbor density matrices are the same in case of the ordered system, while in the disordered case, the values of any observable corresponding to the nearest-neighbor states are again the same after quenching. For the investigations, four quantum correlation measure are considered here, viz. concurrence and logarithmic negativity as entanglement measures, and quantum discord and quantum work-deficit as information-theoretic quantum correlation measures.
A. Concurrence
Let ρ AB be the density matrix corresponding to an arbitrary two-qubit system shared between two parties A and B. The product, ρ ABρAB , though nonHermitian, have only real and positive eigenvalues, say e 1 , e 2 , e 3 , and e 4 in descending order, whereρ AB = (σ y ⊗ σ y )ρ * AB (σ y ⊗ σ y ), with ρ * AB being the complex conjugate of the density matrix ρ AB . The concurrence [37] for the two-qubit state ρ AB is defined as
B. Logarithmic Negativity
Logarithmic negativity (LN) [38] is a computable measure of entanglement for any mixed state of an arbitrary bipartite system. LN is based on the definition of negativity [38] , which is given by
Here ||ρ TA AB || is the trace norm of the partially transposed density matrix ρ TA AB with the partial transposition being taken on subsystem A [44] . The LN is defined as
LN is non-vanishing for all entangled states of two spin-
particles [44] and can be used to quantify the degree of the entanglement in all composite systems.
C. Quantum Discord
Mutual information between classical random variables can be defined in two equivalent ways. If X and Y are two random variables which assume values x i and y i with probabilities p i and q i respectively, then the total correlation between the variables X and Y , quantified by the mutual information, is defined as
Here H(X) = − i p i log 2 p i is the Shannon entropy for the random variable X, and similarly for H(Y ) and H(X, Y ). The second form of classical mutual information is defined using Bayesian rules as
is the conditional entropy. These two definitions are classically equivalent. However, the quantum analogs of Eqs. (37) and (38) are inequivalent and their difference is defined as quantum discord [40] . The quantum versions for a bipartite quantum state ρ AB are given by
Here S(̺) = − Tr(̺ log 2 ̺) and the quantum conditional entropy is given by S(ρ A|B ) = min {Bi} i p i S(ρ A|i ), where the measurement is performed by B with a rankone projection-valued measurement, {B i }, producing the
where I(ρ AB ) and J(ρ AB ) are respectively identified as total correlations and classical correlations in ρ AB .
D. Quantum Work-Deficit
For a bipartite quantum state, ρ AB , quantum workdeficit [41] is defined as the difference between the amount of pure states that can be obtained under global operations and pure product states that can be extracted under local operations, in closed systems for which addition of ancillary pure product states are not allowed. The number of pure qubits that can be extracted from a state ρ AB by "closed global operations", which are sequences of unitary operations and dephasing operations, is given by
where N = log 2 (dim H AB ), with H AB being the Hilbert space on which ρ AB is defined. The work extractable locally from ρ AB under "closed local operations and classical communication" (CLOCC), which consists of local unitaries, local dephasing, and sending dephased state from one party to another, is defined as
(42) Here the measurement is performed by B with a rankone projection-valued measurement {B i }. The quantum work-deficit is given by
E. Quenched Averaging vs. Self Averaging
The disordered physical parameters of the disordered systems studied here are considered to be "quenched", i.e., the time scale in which the dynamics of the system takes place is much shorter than the equilibrating time of the disorder. So, the averaging over the random variables has to be performed after the calculation of the physical quantities, for a given state. Specifically, the quenched averaged value for a physical quantity, Q, is defined as
where the integration is performed over the Gaussian distributions {λ i }, and Q({λ i }) is the value of the observable Q in the state under study (say, the ground state) of the with system parameters λ i . The entire analyses for disordered as well as ordered systems are carried out by considering the system to be of 10 3 quantum spin-1 2 particles arranged on a chain with periodic boundary conditions, and we are interested to study the observables after quenching. In case of 10 3 quantum spin-1 2 particles interacting according to a disordered Hamiltonian, convergence of an observable after the quench to a fixed value requires the convergence of an integration in a space of dimension of about 10 3 . To overcome such computational difficulties, we check whether the observables like magnetization, correlations, and bipartite quantum correlation measures are self-averaging quantities. A two-site physical quantity Q is said to be self-averaging if [1] 
We find that all the physical quantities that we use in our analysis, self average, when the system is far from the critical point (see Fig. 1 ). Note that when σ → 0, the system becomes the ordered XY model and so the question of self-averaging is irrelevant in that limit. The ground state of the ordered XY model undergoes a quantum phase transition at J h = 1, and one can check that site-averaging and sample-averaging are not equivalent in the vicinity of the quantum critical point. It becomes prominent with the increase of σ (see Fig. 1 ). Throughout the paper, we set a moderate value for σ, viz., σ = 0.3, where in we observe that except when λ ≈ 1 or when µ ≈ 1 all the observables self average. For simplicity, we will henceforth denote λ as λ and µ as µ, even for the disorder systems.
V. ORDER-FROM-DISORDER: QUENCHED DISORDER AT FINITE TEMPERATURE
In this section, we investigate the enhancement of different physical observables due to disorder in coupling as well as field strengths in the one dimensional transverse quantum XY model. Specifically, we study the enhancement scores of different quantum correlation measures in the presence of disorder. The two subsections deal respectively with the cases of quenched disorders in the coupling strengths and in the transverse magnetic field. In both cases, the effect of finite temperature is also analyzed. We see that logarithmic negativity and concurrence behave in a similar fashion. Similarly, the behaviors of quantum discord and quantum work-deficit are similar. This is both at finite as well as zero temperatures. Without loss of generality, all the plots given in this paper are for concurrence and quantum discord.
A. Disorder in Coupling Constant: Spin Glass
Let us first study the behavior of the anisotropic XY spin glass model in a transverse magnetic field. We begin with the ground state, and then go over to finite temperatures.
Ground state enhancement
We compare the behavior of all the quantum correlation measures, defined in Sec. IV, of the ground state of the disordered XY spin glass model, for different anisotropy parameters, with those in the ordered ones. At λ = 0, all the entanglement measures and information theoretic ones of the ordered system vanish while it is not the case for the disordered system and hence ∆ See Figs. 2 and 3. From Fig. 3 , one can notice that entanglement of the ordered XY model shows sudden collapse and revival with respect to J h for moderate values of γ, which do not occur in the disordered model. Moreover, with the increase of γ, the region of positive enhancement score for concurrence decreases. In Fig. 3 , the investigation is carried out for N = 10 3 . It is interesting to study the trend of the enhancement region with the increase of N . for which ∆ C λ > 0 converges to a fixed region (up to the third decimal point) even for a relatively small system size, like N = 20. Due to such convergence obtained here as well as for other quantum correlation measures and for other spin models, the results presented here for the quenched disordered quantum spin models are true in the thermodynamic limit.
In a similar spirit, we investigate the behavior of the discord enhancement score with the increase of λ. The information-theoretic measures (quantum discord and quantum work-deficit) behave in a qualitatively different way than that of the entanglement measures. The plots of the enhancement score for quantum discord are given in Figs. 4 and 5. Comparing Figs. 3 and 5 , we observe that instead of two regions, the discord enhance- Table I . 
Thermal enhancement score: Nonmonotonicity with temperature
Thermal fluctuations can effectively be viewed as global disorder introduced in the system, and hence one may expect that any order-from-disorder phenomenon observed for a quantum correlation measure could be less pronounced in the presence of a finite temperature, as compared to their values at zero temperature. On the contrary, we find that the thermal enhancement scores can be nonmonotonic with respect to temperature (see the bottom panels of Fig. 6 ) (cf. [30] ). Moreover, there exists a region on the (hβ, λ)-plane in which the thermal enhancement score is positive irrespective of quantum correlation measure used. In particular, this implies that for a fixed temperature, quantum correlation can be enhanced by putting disorder in the system. Hence the "order-from-disorder" phenomena for quantum cor- relation can be observed also for moderate values of temperature. For example, we find that for λ = 1.5 and γ = 0.4, positive thermal enhancement scores, both for entanglement as well as information-theoretic measures, can be seen even for relatively high values of temperature (Fig. 6) , and hence the increase of quantum correlation due to disorder in coupling at finite temperature can not be explained by the continuity argument of the same observation in the zero-temperature state. If one compares entanglement measures with the informationtheoretic ones, it is evident that for a fixed temperature, entanglement enhancement scores possess much higher values compared to the information-theoretic ones, irrespective of the anisotropy parameter. Moreover, we observe that with the increase of γ, the regions with positive enhancement scores of entanglement measures shift from higher values of λ towards λ = 0, and at the same time, the area in which positive enhancement occurs gets reduced. In contrast, the information-theoretic measures always have a positive enhancement score near the λ = 0 line.
Total enhancement score
The intuitive feeling of the fragility of entanglement and other quantum correlation measures leads us to believe that quantum correlations would decrease with temperature. We have already seen that this intuition is false in our discussions of the thermal enhancement score. To analyze this link further, we consider the total enhancement score, as defined in Sec. III. When λ is in the vicinity of zero, all quantum correlation measures of the zero-temperature state show higher values of enhancement scores than that of the thermal state. However, we find several values of λ for which ∆ Q T otal,λ > 0 in a region on the hβ-axis, for different values of γ (see Fig. 7 ). This finding is independent of the choice of the quantum correlation measure. For fixed γ and λ, say γ = 0.1 and λ = 0.5, we observe that the total enhancement score for entanglement is positive for hβ 2, while the same occurs for quantum discord for hβ 0.75. However, the value of the total enhancement scores for discord is less than that for concurrence.
B. Disorder in Transverse Field Strength:
Random-field XY model
We now discuss the disorder-induced effects on quantum correlations when the disorder is introduced in the transverse field of the XY model. One aim is to compare the behavior of quantum correlation in this case with that in the XY spin glass. Since in this case, the randomness is introduced in the local part of the Hamiltonian, one may expect that the effects of disorder on quantum correlations due to randomness will be much less pronounced than for the XY spin glass model. 
Enhancement scores: Zero and non-zero temperatures
We begin with the behavior of entanglement with µ = h J at zero temperature. For the spin glass system, the entanglement enhancement scores were positive in two regions, while those for information-theoretic measures were positive in a single region. The situation exactly reverses in the random-field XY model. See Figs. 8 and 9.
Let us now consider the behavior of quantum correlation in the presence of both thermal fluctuation and randomness in the transverse field. The comparison is made between the thermal state of random-field XY model and that of the ordered one. Like in the case of the spin glass model, we find that the order-from-disorder behavior persist against thermal fluctuations for both concurrence and quantum discord. See Fig. 10 . Note that with the increase of γ, the positive enhancement score for concurrence near the µ = 0 line disappears, while the opposite is seen for quantum discord (see Fig. 10 ). Notice that especially for entanglement, the enhancement scores are more robust with the increase of temperature in the case of the XY spin glass than in the random-field XY model. 
Total enhancement score
Just like the spin glass model, we again find that the total enhancement score for entanglement measures clearly possess positive value for moderate values of Jβ. For example, for γ = 0.1 and µ = 0.5, the total enhancement score for concurrence is positive for Jβ 2, as depicted in Fig. 11 (upper panel) . This finding is independent of the choice of γ. In contrast, the total enhancement scores of information-theoretic measures, like quantum discord, does not show such clear signature of positivity in the presence of non-zero temperatures (see Fig. 11 (lower panel)).
As depicted in Fig. 11 (upper panel) , the total enhancement score for concurrence is positive for all moderate values of γ. However, for quantum discord, near γ = 0, for example, for γ = 0.1, we do not find a region in which ∆ D T otal,µ > 0. For higher values of γ, informationtheoretic measures show a region on the µ-axis, for which Comparing Figs. 7 and 11, we observe that there is a role reversal in the behavior of the total enhancement scores for both concurrence as well as for quantum discord, as we go over from higher to lower values of the anisotropy parameter and when we change the system from spin glass to the random-field XY model. More specifically, the high-γ (low-γ) spin glass model behave as the low-γ (high-γ) random-field XY model.
VI. CONCLUSION
We have considered the disorder-induced effects on quantum correlations in two paradigmatic disordered quantum spin models, viz., the one-dimensional quantum XY spin glass and random transverse field quantum XY models. The disorders are assumed to be quenched. And the quantum correlations considered are chosen both from the entanglement-separability paradigm as well as from the information-theoretic one. We find that the systems support the order-from-disorder phenomenon for all the quantum correlations considered at both zero and finite temperatures. We utilize the concept of enhancement scores to quantify the phenomena. We find that the scores can actually get enhanced with the introduction of thermal fluctuations. Furthermore, we identify regions in the parameter space, in the post-quenched regime, where self-averaging of the quantum correlations occur, and where the same is absent, and find that the regions are related to the existence of a quantum critical point of the corresponding ordered system.
Temperatures close to absolute zero are difficult to achieve in the laboratories. And therefore, it is important to uncover whether a phenomenon remains robust with the application of thermal fluctuations. The results of this paper show that moderate temperatures can actually be a better candidate, than zero temperature, for observing the order-from-disorder phenomenon for a broad spectrum of quantum correlations.
The calculations were carried out for two entanglement measures, viz. concurrence and logarithmic negativity, and for two information-theoretic quantum correlation measures, viz. quantum discord and quantum work-deficit. The discussions in the paper are however mainly centered around the effects seen for concurrence and quantum discord, as those for logarithmic negativity and quantum work-deficit are broadly similar to their team-mates in the respective camps.
The numbers corresponding to the phenomena reported are seen to have already converged for about 20 (or lower) quantum spins, while the calculations are also carried out for up to 10 3 spins, from which we wish to claim that the phenomena can be observed for finite systems as well as for systems in the thermodynamic limit.
